A supersymmetric exotic field theory in (1+1) dimensions. One loop
  soliton quantum mass corrections by Aguirre, A. R. & Flores-Hidalgo, G.
A supersymmetric exotic field theory in (1+1) dimensions: one
loop soliton quantum mass corrections
A. R. Aguirre1 and G. Flores-Hidalgo2
Instituto de F´ısica e Qu´ımica, Universidade Federal de Itajuba´
37500-903, Itajuba´, MG, Brazil.
Abstract
We consider one loop quantum corrections to soliton mass for the N = 1 supersymmetric
extension of the (1+1)-dimensional scalar field theory with the potential U(φ) = φ2 cos2
(
lnφ2
)
.
First, we compute the one loop quantum soliton mass correction of the bosonic sector. To do
that, we regularize implicitly such quantity by subtracting and adding its corresponding tadpole
graph contribution, and use the renormalization prescription that the added term vanishes with
the corresponding counterterms. As a result we get a finite unambiguous formula for the soliton
quantum mass corrections up to one loop order. Afterwards, the computation for the supersym-
metric case is extended straightforwardly and we obtain for the one loop quantum correction
of the SUSY kink mass the expected value previously derived for the SUSY sine-Gordon and
φ4 models. However, we also have found that for a particular value of the parameters, contrary
to what was expected, the introduction of supersymmetry in this model worsens ultraviolet
divergences rather than improving them.
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1 Introduction
The calculations of quantum corrections to the kink mass in (1+1)-dimensional field theories have
been an intensively studied subject since many years ago [1, 2]. Originally, authors calculated the
quantum corrections to the kink mass in the bosonic φ4 and sine-Gordon field theories. Some years
later, supersymmetric extensions of those models were also studied, and since then a large amount of
different approaches to calculate quantum corrections to the supersymmetric kink mass and central
charge have been exhaustively investigated [3]–[16]. Remarkable efforts were made on dealing with
two interesting but tricky issues: whether or not the bosonic and fermionic contributions in the
quantum corrections to the supersymmetric kink mass cancel each other, and if the BPS saturation
condition survives at quantum level.
After many attempts of solving these two issues without having reached any consensus, it was
shown in [16], using a simple renormalization scheme, that the correction to the supersymmetric
kink mass for the φ4 and sine-Gordon models is given by ∆M = −m/2pi, which is in complete
agreement with some previous results obtained in [6, 14]. Furthermore, authors also showed in [16]
that the BPS bound remains saturated at one loop approximation. Soon after, it was obtained
the same exact result for the supersymmetric kink mass by using a generalized momentum cut-off
regularization scheme [17].
In all above cited works, authors treated mainly sine-Gordon and φ4 models because their one
loop solvability. This is possible since in those cases the kink one loop fluctuations are described
by exactly solvable one dimensional Schro¨dinger equation corresponding to the Poschl-Teller type
potentials. Some time ago it was considered the problem of constructing one loop exactly solvable
two-dimensional scalar models starting from exactly solvable one dimensional Schro¨dinger equations
[18]. In particular, from the Scarf II hyperbolic potential, authors obtained an exotic bosonic scalar
field model with a potential given by U(φ) = φ2 cos2 ln(φ2) (see also [19, 20, 21]). Unlike the sine-
Gordon model, this exotic potential exhibits infinite degenerate vacua which are not equivalent,
i.e. even thought the second order derivatives of the potential at degenerate minima are equal,
2
higher order derivatives are not. As a consequence, quantum solitons between adjacent vacua will
exist only semiclassically, and then such states will become unstable at full quantum level as it was
already pointed out in the φ6 model [22], where authors proposed to couple fermionic fields to the
scalar fields in a supersymmetric way to overcome such issue. The quantum instability of the φ6
solitons has been also discussed more recently in [23, 24]. Therefore, in order to have meaningful
quantum solitons, in this paper we will consider the supersymmetric extension of the exotic bosonic
scalar field theory.
Specifically, we consider the N = 1 supersymmetric extension of the aforementioned exotic
bosonic scalar field theory and compute the first quantum corrections to the mass of the super-
symmetric kink. Since the first quantum mass corrections are in general divergent, we have to deal
with the issue of regularization and renormalization. We will do this task by using a modification of
the scattering phase shift method, which requires the use of the bosonic and fermionic phase shifts,
and the expression for the quantum mass corrections in terms of the Euclidean effective action.
In order to assure the correctness of our method we first perform the one loop computations for
the soliton mass in the purely bosonic sector limit to compare with results previously obtained.
Afterwards we extend the method to the supersymmetric case for which we have found results that
also agree with the ones previously obtained for different models. However, we have found also an
unexpected and curious result. It turns to be that for a particular value of the parameter of the
model, the introduction of supersymmetry seems to worse the ultraviolet divergences rather than
improving them.
This paper is organized as follows. In section 2, for the sake of clarity we present some basics
on N = 1 supersymmetric field theory and then introduce the supersymmetric extension of the
exotic bosonic potential. In section 3, we compute the one loop kink quantum mass corrections
of the bosonic sector. In section 4, we extend the computation for the supersymmetric kink mass.
Finally, some concluding remarks are presented in section 5.
2 The N = 1 supersymmetric field theory
In this section we will introduce a supersymmetric field theory as an extension of the bosonic scalar
model previously studied in [18]. In the standard superspace approach, the dynamics of the theory
is derived from an action depending on some superfields. These superfields are functions in the
superspace, which is constructed by adding a two-component Grassmann variable θα = {θ1, θ2} to
the two-dimensional space-time xµ = {t, x}. Starting from one real bosonic field φ(x), we can define
a bosonic superfield as follows,
Φ(x, θ) = φ(x) + θ¯ψ(x) +
1
2
θ¯θF (x), (2.1)
where ψ(x) is a two-component Majorana spinor, and F (x) a real auxiliary bosonic field. Here,
we have used the usual convention θ¯ = θγ0, where the representation of the γ-matrices in the
two-dimensional space is chosen to be
γ0 = σ2 =
(
0 −i
i 0
)
, γ1 = iσ3 =
(
i 0
0 −i
)
, γ5 = γ0γ1 =
(
1 0
0 −1
)
. (2.2)
Under a translation in the superspace,
xµ → xµ − iθ¯γµε, θα → θα + εα, (2.3)
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where εα = {ε1, ε2} is a constant Grassmannian spinor, the fields transforms as follows,
δφ = ε¯ψ, δψ = −i∂µφγµε+ Fε, δF = −iε¯γµ∂µψ. (2.4)
The most general on-shell action invariant under the SUSY transformations (2.4) can be written
in the following form,
S =
∫
d2x
[1
2
(
∂µφ∂
µφ+ iψ¯γµ∂µψ
)− 1
2
[W ′(φ)]2 − 1
2
W ′′(φ)ψ¯ψ
]
, (2.5)
where the usual notation W ′(φ) = dW(φ)/dφ has been used. Now, by expanding the above
expression around a classical bosonic field configuration φc, i.e φ = φc + η, up to quadratic order
in the fields η and ψ, we get
S =
1
2
∫
d2x
[
∂µφc∂
µφc −
(W ′c)2 + ψ¯(iγµ∂µ −W ′′c )ψ + ∂µη∂µη
−((W ′c)2 +W ′cW ′′′c )η2], (2.6)
where we have denoted Wc ≡ W(φc), and the field φc satisfies the classical bosonic equation of
motion
2φc +W ′cW ′′c = 0. (2.7)
Now, it is well-known that by considering finite energy static kink solutions of Eq. (2.7), it is
possible to obtain the energy of the ground state at one loop order after quantization. Then, as
usual after subtracting the vacuum energy in the absence of the kink, we get that the mass of the
kink state at one loop order is given by
Mbare = E[φc] +
1
2
∑
n
ωnb − 1
2
∑
n
ωnf , (2.8)
where E[φc] is the energy of the static classical configuration,
E[φc] =
∫ ∞
−∞
dx
[
1
2
(
dφc
dx
)2
+
1
2
[W ′(φc)]2
]
, (2.9)
and ωnb and ωnf are solutions of the following eigenvalue equations,[
− d
2
dx2
+ (W ′c)2 +W ′cW ′′′c
]
ηn = ω
2
nb ηn, (2.10)
and [
−iγ5 d
dx
+W ′′c γ0
]
ψn = ωnf ψn. (2.11)
Let us now consider the following form for the superpotential, namely
W(φ) = 8m
3B
λ(1 + 4B2)
(1 + βφ)2
[
cos
(
ln(1 + βφ)2
2B
)
+
1
2B
sin
(
ln
(
1 + βφ)2
2B
)]
, (2.12)
as the natural supersymmetric extension of the aforementioned exotic bosonic scalar potential,
wherem is a mass parameter, and the real parameters B, λ, and β satisfy the relation β =
√
λB/2m.
4
Figure 1: Plot of the bosonic potential U(φ) for β = 1 and B = 0.1
Note that, the superpotential (2.12) becomes the N = 1 super sine-Gordon model superpotential
when B → 0. After substituting in the action (2.5), we get the Lagrangian density
L = 1
2
(∂µφ)(∂
µφ)− 2m
4
λ
(1 + βφ)2 cos2
(
ln(1 + βφ)2
2B
)
+
i
2
ψ¯γµ∂µψ
−m
2
[
B cos
(
ln(1 + βφ)2
2B
)
− sin
(
ln(1 + βφ)2
2B
)]
ψ¯ψ. (2.13)
As it was noted in [18], the bosonic potential in the Lagrangian (2.13),
U(φ) =
1
2
(W ′(φ))2 = 2m4
λ
(1 + βφ)2 cos2
(
ln(1 + βφ)2
2B
)
, (2.14)
has infinitely degenerate trivial vacua at the points φn given by
φn = ± 2m
B
√
λ
{
exp
[(
n+
1
2
)
piB
]
− 1
}
, (2.15)
where n = 0,±1,±2, .... It can be seen in Figure 1 that this potential possesses a reflection
symmetry around the point φ = −1/β. In addition, we note that W ′′(φn) is equal to −m for n
even, and +m when n is odd. This fact implies that the curvature of the potential U ′′(φn) is the
same for all n, namely,
U ′′(φn) = m2, n = 0,±1,±2, ... (2.16)
The classical bosonic kink and anti-kink solutions have the following explicit form,
φc(x) = ± 2m
B
√
λ
{
exp
[
B
(
npi +  tan−1 sinh(mx)
)]− 1} , (2.17)
where  = +1 corresponds to a kink solution, while  = −1 corresponds to the anti-kink solution.
The corresponding classical masses of the kink (or anti-kink) are given by,
En[φc] = |W(φn+1)−W(φn)|
= E0 exp (2npiB) , (2.18)
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where
E0 =
8m3
λ(1 + 4B2)
cosh (piB) . (2.19)
Despite of the exponential dependence in eq. (2.18), the classical masses for a kink (or anti-kink)
connecting any two neighbouring vacua is finite, and satisfy the relation (E(n±1)/En) = e±2piB.
It is also worth pointing out that in the limit B → 0 we recover the kink configuration for the
sine-Gordon model from eq. (2.17), as well as its corresponding classical mass from eq. (2.19).
3 Bosonic one loop quantum mass corrections
Let us consider first the purely bosonic case described by the following Lagrangian density,
L = 1
2
∂µφ∂
µφ− U(φ) + δL, (3.1)
where the potential U(φ) is given by Eq. (2.14), and δL contains adequate counterterms in order
to render finite the theory. By quantizing around the static kink φc, we get for the soliton mass at
one loop order,
Mb = E[φc] + δMb +
1
2
∑
n
ωnb − 1
2
∑
k
ω0b (k) , (3.2)
where the index b stands for bosonic contributions, δMb are the counterterm contributions from
the δL term. For simplicity, eq. (3.2) can be written in the following way,
∆Mb = ∆M+ + δMb, (3.3)
where ∆Mb = Mb − E[φc], and
∆M+ =
1
2
∑
n
ωnb − 1
2
∑
k
ω0b (k). (3.4)
The eigenfrequencies ωnb are given by Eq. (2.10), which can be rewritten as[
− d
2
dx2
+ V+(x)
]
ηn = ω
2
nbηn, (3.5)
with
V+(x) = U
′′[φc(x)] = (W ′′c )2 +W ′cW ′′′c . (3.6)
Also, the free soliton eigenfrequencies ω0b (k) are given by[
− d
2
dx2
+m2
]
ηk = [ω
0
b (k)]
2ηk, (3.7)
where m represents the mass of the quantum fluctuations around the trivial vacua. The term ∆M+
in eq. (3.4) is logarithmically divergent, and there are several techniques to deal with this issue in
the literature [25, 26, 27, 28, 29, 30, 31, 32]. Here, we will consider a simple method to regularize
that term based on the following formal identity [33],
∆M+ =
1
2
∫ ∞
−∞
dω
2pi
tr ln
(
1 + Aˆ+
)
= (3.8)
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where
Aˆ+ =
V+
ω2 − d2
dx2
+m2
, (3.9)
and V+ = V+(x)−m2. Equation (3.8) is the one loop quantum correction to the kink mass expressed
as the Euclidean effective action per unit time. From its expansion in terms of Feynman graphs,
we identify the following tadpole graph contribution,
=
1
2
∫ ∞
−∞
dω
2pi
trAˆ+ . (3.10)
as the only ultraviolet divergent graph. Therefore, by adding and subtracting the above tadpole
graph in (3.2), and using the renormalization prescription that the added tadpole graph cancels
with δMb, we will get a finite result for the one loop soliton mass,
∆Mb = ∆M+ − 1
2
∫ ∞
−∞
dω
2pi
trAˆ+. (3.11)
Of course, each one of the terms in eq. (3.11) is separately divergent, but their difference is not.
Therefore, if the same scheme is used to compute them, we must get a finite unambiguous result
for Mb, independently of the regularization scheme used. Using the phase shift method [27, 28], it
is not difficult to get for the one loop soliton quantum mass correction the following result3,
∆Mb =
1
2
N∑
i=1
(ωib −m)− 1
2pi
∫ ∞
0
k
ωb(k)
[
δ+(k) +
〈V+〉
2k
]
dk, (3.12)
where
〈V+〉 =
∫ ∞
−∞
dx V+(x), (3.13)
N is the number of discrete eigenfrequencies ωib, and the phase shift δ+(k) can be obtained directly
from the scattering S matrix as
δ+(k) =
1
2i
ln detS(k)
=
1
2i
ln
[
T (k)
T ∗(k)
]
, (3.14)
where in passing to the second line we have used [35]
S =
[
T (k) −T (k)R∗(k)/T ∗(k)
R(k) T (k)
]
. (3.15)
Here R and T denote respectively the reflection and transmission coefficients of the one dimensional
scattering problem described by the continuous spectrum of (3.5).
Let us now apply the general formula (3.12) for the bosonic density potential (2.14). In this
case, by substituting the static configuration (2.17) in eq. (3.6), we get the potential
V+(x) = m
2
[
1 +
(B2 − 2)
cosh2(mx)
− 3B sinh(mx)
cosh2(mx)
]
, (3.16)
3See for instance Eq. (1.17) in [28].
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Figure 2: Plot of the potential V+(x) for B = 0 (solid line), B = 0.5 (dashed line), and B = 1 (dotdashed
line), respectively
which belong to the Scarf II hyperbolic exactly solvable potentials [36]. It is worth pointing out that
this potential does not depend on the index n of the static field configuration φc. This potential
is shown in Figure 2. It has only one discrete eigenvalue, namely the zero mode ω0b = 0, and its
corresponding eigenfunction has the following form,
η0(x) =
c0
cosh(mx)
exp
[
B tan−1(sinh(mx))
]
, (3.17)
with c0 a normalization constant. In addition, the transmission coefficient amplitude for this
potential is given by [36],
T+(k) =
(−1 + ikm)Γ
(
1
2 − iB − ikm
)
Γ
(
1
2 + iB − ikm
)
(1 + ikm)Γ
2
(
1
2 − ikm
) . (3.18)
Now, by substituting Eqs. (3.16) and (3.18) in Eqs. (3.13) and (3.14) respectively, we find that
〈V+〉 = 2m(B2 − 2), (3.19)
and the bosonic phase shift is given by
δ+(k) = 2 arctan
(m
k
)
+
1
2i
ln
[
Γ
(
1
2 + iB − ikm
)
Γ
(
1
2 + iB +
ik
m
)]+ 1
2i
ln
[
Γ
(
1
2 − iB − ikm
)
Γ2
(
1
2 +
ik
m
)
Γ
(
1
2 − iB + ikm
)
Γ2
(
1
2 − ikm
)], (3.20)
which is plotted in Figure 3 for different values of the parameter B. It can be verified from eq.
(3.20) that δ+(0) = pi and δ+(+∞) = 0, which is consistent with the Levinson theorem, where
there is one half-bound state. This can be seen by noting that the transmission coefficient does
not vanish at the threshold k = 0, or from the graph of the phase shift plotted in Figure 3. Now,
by using the above results for the potential and the phase shift, and substituting in eq. (3.12), we
finally get
∆Mb
m
=
(B2 − 2)
2pi
−
∫ ∞
0
dk
2pi
B2√
1 + k2
+
∫ ∞
0
dk
4ipi
√
1 + k2
d
dk
ln
[
Γ
(
1
2 + iB − ik
)
Γ
(
1
2 − iB − ik
)
Γ2
(
1
2 + ik
)
Γ
(
1
2 + iB + ik
)
Γ
(
1
2 − iB + ik
)
Γ2
(
1
2 − ik
)] . (3.21)
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Figure 3: Plot of the bosonic phase phifts δ+(k)/pi as a function of k/m. The solid, dotdashed and dashed
lines correspond to B = 0, B = 0.5, and B = 1, respectively
Figure 4: Plot of ∆Mb/m as a function of the parameter B
Taking B = 0 in above expression, the integral vanishes and we get ∆Mb = −m/pi, the well-
known value for one loop quantum corrections for the soliton mass in sine-Gordon model. This was
expected since as already mentioned, in the limit B → 0, the density potential (2.14) reduces to sine-
Gordon one. For other values of B it is not possible to compute the integral in (3.21) analytically,
however we can integrate numerically straightforwardly by using for example Mathematica software.
In Figure 4, we have plotted the results for ∆Mb/m as function of parameter B, ranging from B = 0
to B = 3.2, where we have restricted to B ≥ 0 because ∆Mb(−B) = ∆Mb(B) as can be concluded
from (3.21). For B > 3.2, the behaviour of ∆Mb(B) is quite similar to the one depicted in Figure
4, it varies smoothly as a function of parameter B and ∆Mb(B + h) < ∆Mb(B), for sufficiently
large positive h.
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4 One loop SUSY kink quantum mass correction
In this section, we compute the quantum correction to the SUSY kink mass by including both
bosonic and fermionic fluctuations. First of all, let us now consider fluctuations of the fermion field
ψ(x). The Fermi field equation is given by,
[i/∂ −W ′′(φ)]ψ = 0. (4.1)
From the kink configuration of the bosonic field φc(x) given in (2.17), we can write the fermionic
fluctuations in the following form,
ψ(x, t) = ξ(x)e−iωf t + ξ∗(x)eiωf t, (4.2)
with
ξ(x) =
(
ξ−(x)
ξ+(x)
)
, (4.3)
where ωf is a real variable, and ξ±(x) are static normalizable solutions of the following system,(
d
dx
+W ′′c
)
ξ− = −iωf ξ+,(
d
dx
−W ′′c
)
ξ+ = −iωf ξ−, (4.4)
Then, by cross-differentiating the system (4.4) we obtain the decoupled equations,{
d2
dx2
+
[
ω2f − (W ′′c )2 +W ′′′c W ′c
]}
ξ−(x) = 0, (4.5){
d2
dx2
+
[
ω2f − (W ′′c )2 −W ′′′c W ′c
]}
ξ+(x) = 0. (4.6)
We note that eq. (4.6) is the same bosonic fluctuation equation. The system of equations (4.5) and
(4.6) can be rewritten in the following form,{
− d
2
dx2
+
[
V±(x)− ω2f
]}
ξ±(x) = 0, (4.7)
with
V±(x) = (W ′′c )2 ±W ′′′c W ′c. (4.8)
Now, the one loop quantum mass corrections to the SUSY kink will be given by
∆M = M − E[φc]
=
1
2
∑
n
ωnb − 1
2
∑
n
ωnf + δM, (4.9)
where δM is a supersymmetric counterterm, and ωnb and ωnf are respectively the bosonic and
fermionic eigenfrequencies of Eqs. (3.5) and (4.7). Since the free bosonic and fermionic eigenfre-
quencies are the same, we can rewrite eq. (4.9) as,
∆M = ∆M+ −∆Mf + δM (4.10)
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where ∆M+ is given in eq. (3.4), and
∆Mf =
1
2
∑
n
ωnf − 1
2
∑
k
ω0f (k). (4.11)
On the other hand, the fermionic eigenfrequencies are given by eqs. (4.5) or (4.6). Therefore eq.
(4.11) can be rewritten as follows,
∆Mf =
1
2
(∆M+ + ∆M−) , (4.12)
where ∆M− is given by an expression similar to (3.4), but now in terms of the eigenfrequencies
described by Eq. (4.5). In this way, we can rewrite (4.10) as
∆M =
1
2
∆M+ − 1
2
∆M− + δM. (4.13)
In order to regularize and renormalize the above expression we proceed as in the purely bosonic
case. Using the formal identity,
1
2
∑
n
ωnb − 1
2
∑
n
ωnf =
1
2
∫ ∞
−∞
dω
2pi
tr ln
(
ω2 − d
2
dx2
+ V+(x)
)
−1
2
∫ ∞
−∞
dω
2pi
Tr ln
(
−iγ0ω + iγ1 d
dx
−W ′′c
)
. (4.14)
Computing the partial trace in the second term of the right-hand side, we get
1
2
∑
n
ωnb − 1
2
∑
n
ωnf =
1
4
∫ ∞
−∞
dω
2pi
tr ln
(
ω2 − d2
dx2
+ V+(x)
ω2 − d2
dx2
+ V−(x)
)
, (4.15)
and then by expanding the logarithmic term, we find
1
2
∑
n
ωnb − 1
2
∑
n
ωnf =
1
4
∫ ∞
−∞
dω
2pi
(
trAˆ+ − trAˆ−
)
+ finite terms, (4.16)
where Aˆ− is given by an expression similar to (3.9). The first term in above expression, is the
ultraviolet divergent supersymmetric tadpole graph. Now, adding and subtracting this term in
(4.13), and using the renormalization prescription that the added tadpole graph cancels with δM ,
we get the finite result,
∆M =
1
2
(
∆M+ − 1
2
∫ ∞
−∞
dω
2pi
trAˆ+
)
− 1
2
(
∆M− − 1
2
∫ ∞
−∞
dω
2pi
trAˆ−
)
. (4.17)
Note that each term in parentheses of above expression is of the type (3.11) encountered for the
finite result in the purely bosonic case. Therefore, using (3.12), we get that the renormalized one
loop correction of the SUSY kink mass is given by
∆M = −m
4
− 1
4pi
∫ ∞
0
k
ω(k)
[(
δ+(k)− δ−(k)
)
+
〈V+ − V−〉
2k
]
dk. (4.18)
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Figure 5: Plot of V−(x) for B = 0 (solid line), B = 0.5 (dashed line), and B = 1.0 (dotdashed line),
respectively
Let us now apply the above formula for the susy exotic field theory. By substituting explicitly the
kink configuration (2.17) in Eq. (4.8), we find that the potential for the upper component V−(x)
takes the following form,
V−(x) = m2
[
1 +
B2
cosh2(mx)
− B sinh(mx)
cosh2(mx)
]
, (4.19)
which correspond to the superpartner potential of V+(x), and also belong to the Scarf II hyperbolic
exactly solvable potentials [36]. It has been plotted in Figure 5. The transmission coefficient
amplitude for the lower component potential V+ is given by (3.18), and for the potential (4.19) has
the following form [37],
T−(k) =
Γ
(
1
2 + iB − ikm
)
Γ
(
1
2 − iB − ikm
)
Γ2
(
1
2 − ikm
) . (4.20)
From above results we find that the phase shift δ+(k) is given by (3.20), whereas the phase shift
for the upper component can be written explicitly as follows,
δ−(k) =
1
2i
ln
[
Γ
(
1
2 + iB − ikm
)
Γ
(
1
2 − iB − ikm
)
Γ2
(
1
2 +
ik
m
)
Γ
(
1
2 + iB +
ik
m
)
Γ
(
1
2 − iB + ikm
)
Γ2
(
1
2 − ikm
)] . (4.21)
By comparing Eqs. (3.20) and (4.21), we conclude that the phase shifts δ±(k) satisfy an important
relation, namely
δ+(k)− δ−(k) = 2 arctan
(m
k
)
. (4.22)
Also, from eqs. (3.16) and (4.19) we get,
〈V+ − V−〉 = −4m. (4.23)
By substituting the above results in Eq.(4.18), we finally obtain
12
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Figure 6: Plots of the phase shifts δ±(k)/pi, and δF (k)/pi as functions of k/m, for (a) B = 0, (b) B = 0.5,
and (c) B = 1.0 . The dashed, solid, and dotdashed lines correspond to δ+(k)/pi, δF (k)/pi, and δ−(k)/pi,
respectively
∆M = −m
2pi
, (4.24)
which corresponds to the accepted value of the one loop supersymmetric quantum mass correction
for any antisymmetric soliton [16].
It is important to note that a fermionic phase shift defined as the average of its values for the
upper and lower components, namely
δF (k) =
1
2
[
δ+(k) + δ−(k)
]
= arctan
(m
k
)
+ δ−(k), (4.25)
satisfies the Levinson theorem for (1 + 1) dimensional Dirac equation [38], since we have only one
bound state corresponding to the zero mode. This definition is consistent with the relation (4.12),
and has been also checked previously for several models by using the Levinson theorem [39]–[41].
In Figure 6, we have plotted these fermionic phase shifts for different values of the parameter B.
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5 Concluding remarks
In this paper we have computed the one loop quantum correction to the kink mass for an exotic
supersymmetric theory described by the density Lagrangian (2.13) in (1+1) dimensions. For this
purpose, we have used a simple regularization scheme based on the formal identity, (3.8) or (4.15),
and showed that the quantum correction to the mass of the supersymmetric kink up to one loop
order is given by ∆M = −m/2pi, which is in complete agreement with the results reported in the
literature [16].
First of all, we have established a formula for computing these corrections in the purely bosonic
sector, and then the method has been extended directly for the supersymmetric case. In the purely
bosonic sector, we have found that the quantum correction of the kink mass in the limit B → 0 is
in fact the one of the sine-Gordon model, i.e. ∆Mb(B = 0) = −m/pi. In general, ∆Mb(B) behaves
as an almost decreasing function for B > 0 as it can be seen from Figure 4, which shows a smooth
interpolating behaviour of ∆Mb(B) from the sine-Gordon model (B = 0) to the exotic model
(B > 0). However, after considering the corresponding contributions of the fermionic fluctuations
for the quantum corrections we find that the dependence on the parameter B vanishes completely,
as well as the divergent part of the SUSY kink mass by adding the appropriate supersymmetric
counterterms.
We would like to call attention to the following curious and interesting result. In the bosonic
sector there is a special parameter value B =
√
2, for which the tadpole graph given in (3.10)
vanishes, and then it is not necessary to perform any regularization. However, from the last term of
eq. (4.18) it is possible to verify that the supersymmetric kink mass at one loop order is divergent
at B =
√
2. This is a non-intuitive and unexpected result since it is commonly believed that
supersymmetry improves, rather than spoils, the ultraviolet divergences in the theory. We believe
that this fact deserves a better analysis, and to do that it would be interesting to examine the two-
loop quantum corrections to this exotic supersymmetric model as it has been already done for the
sine-Gordon and φ4 models [14, 42]. This issue is an interesting subject for future investigations.
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